In this supplementary online appendix, I present several results used in the calculations in the paper, as well as a series of sensitivity analyses. I begin in appendix B by showing that the welfare derivative presented in section 2 applies much more generally, by comparing it with results from Lawson (2015). Appendix C then examines how the liquidity ratio in section 2.2 can be approximated with heterogenous liquidity constraints. Appendix D presents the calculations leading to the elasticity of average earnings with respect to student grants, εȲ b . Appendix E considers a number of alterations to the model, and finds that the main conclusions and numerical results in
A Introduction
In this supplementary online appendix, I present several results used in the calculations in the paper, as well as a series of sensitivity analyses. I begin in appendix B by showing that the welfare derivative presented in section 2 applies much more generally, by comparing it with results from Lawson (2015) . Appendix C then examines how the liquidity ratio in section 2.2 can be approximated with heterogenous liquidity constraints. Appendix D presents the calculations leading to the elasticity of average earnings with respect to student grants, εȲ b . Appendix E considers a number of alterations to the model, and finds that the main conclusions and numerical results in the paper are strongly robust. Finally, Appendix F presents a simple model in which income taxes impose distortions on multiple margins, including both education and job search, and shows that corrective policies on each margin are required; an alteration of UI benefits to correct tax distortions on job search does not eliminate the effect of fiscal externalities on optimal tuition subsidies, as fiscal externalities affect optimal policies independently on both margins.
References to numbered equations, tables, etc. not found in this appendix refer to the numbers from the main paper.
B Comparison of Welfare Derivative with
General Formula from Lawson (2015) In section 2, I solved a specific model of college education for the derivative of social welfare with respect to the tuition subsidy denoted as (3). While the model was simplified and stylized, the results remain very general, as demonstrated by the analysis of Lawson (2015) , where a very similar equation is derived from a general model that applies to any government transfer program. Consider the following equation from page 21 of Lawson (2015) :
In the setting of that paper, there are M different transfer programs, with 
C Liquidity Ratio with Heterogeneous Constraints
To be as general as possible, let me allow for the possibility that η i and A i are jointly distributed according to some bivariate distribution function F (η, A).
Let me define S A (A) to be the probability of college attendance for an indi-vidual with debt limit A; this can be written as:
where F η|A represents the conditional cdf. Then the overall probability of college attendance is simply S = A S A (A)f A (A)dA, where f A is the marginal density of A.
Next, observe that:
where η * A is the critical value for A i = A. Therefore, using the definition of L from the text:
Meanwhile, the term I wish to replace is
; this is greater or less than L as:
If the conditional hazard rate
is constant, these two terms will be equal, and I can safely replace
with L in (3). More generally, let me continue by substituting h(A) for the conditional hazard rate, and let me also write k(A) = [1 − F η|A (η * A |A)]f A (A) to represent the measure of enrollees at a particular value of A i ; then the comparison becomes:
Therefore, if the covariance of the hazard and the marginal utility among students is close to zero, it will be a reasonable approximation to insert L into (3). Meanwhile, I will tend to overestimate the liquidity effect if the covariance is positive, which would follow, for instance, if h(A) is decreasing in A (given that u (c u (A)) should be non-increasing in A).
Given that η *
A is decreasing in A, I would want the hazard to be increasing in η in order for the liquidity effect to be overestimated, thus making my results on the importance of liquidity constraints an upper bound. Certain distributions, such as the Pareto and the χ 2 for degrees of freedom less than 2, feature decreasing hazards, but many other distributions, including the logistic that I use in my calibration, feature an increasing hazard, in which case I will tend to overestimate the importance of L.
D Calculation of εȲ b
First, assuming that the only effects of b onȲ are from b's effect on schooling and from the effect of the tax change on earnings Y 01 and Y 11 , I can write:
It is clear that
, and given that I assume that the elasticity of taxable income is 0.4, I have
Using (2) for dτ db and assuming p = 0, the equation for εȲ b becomes:
and rearranging, I arrive at:
.
Inputting

G Sb
= 88.41 into the equation above, I find that εȲ b takes a value of 0.0063 when ε Sb = 0.1, and 0.0142 when ε Sb = 0.2, as presented in Table 1 .
E Robustness Analyses
This section will be devoted to an examination of the robustness of my results.
I begin with an analysis of optimal policy when G is a public good rather than an exogenous quantity of required spending, and then I examine the sensitivity of my results to the coefficient of relative risk-aversion. Next, I
use the estimates of fiscal costs and benefits from Trostel (2010) to assess the impact on my conclusions of how these fiscal effects are modelled, and I also examine the optimal policy when part of the government's tax revenue pays for a lump-sum transfer, so that the marginal tax rate is not equal to the average tax rate. I also extend the model to consider uncertainty about future incomes, as well as heterogeneity in liquidity constraints and returns to education. The quantitative results are only slightly altered in each case, and the qualitative conclusions remain very similar: in the baseline case, it is always optimal to raise tuition subsidies to at least offset the value of tuition, and the effects of liquidity constraints on optimal subsidies are small and often negative.
E.1 Endogenous G
In the main model of the paper, I assume that G is an exogenous amount of required government spending above and beyond tuition subsidies. However, the results are nearly identical if G is instead a public good chosen optimally by the government. To demonstrate this, I assume that each individual receives utility a ln(G) from the total amount G of public good provided.
First, consider the results of the sufficient statistics analysis: if both τ and G are allowed to change in response to b, the welfare derivative in (1) becomes:
Next, consider that, if G has been chosen optimally, the following first-order condition must be satisfied:
This means I can rewrite the welfare derivative with respect to b as:
and the term in square brackets is equal to dτ db | dG=0 , the adjustment in taxes required to pay for an increase in b holding G constant, and so:
The adjustment in taxes to pay for b holding G constant is exactly what I used in my calculations in section 2.2. The essential point is that, if G is chosen optimally, the marginal welfare impact of changing it must be equal to the marginal welfare impact of changing τ , which means that it doesn't matter for welfare purposes which is adjusted, and the welfare derivative is identical to that derived earlier.
As b changes, however, the government has the option of changing either τ or G, or both, to balance the budget, so the welfare gain from raising b would be at least as large if G is endogenous. However, there are no credible empirical estimates of how G should change with b; this depends on the structure of the model, so I can only evaluate it using my calibrated structural model. It is easy to incorporate endogenous G into the model: I simply calibrate the individual parameters as before, and then find the value of a that makes G = 68.606
optimal; the resulting values range from 3.2364 to 3.2427 depending on the case. Then I can numerically evaluate welfare as a function of both b and G and find the optimum, which is displayed in Table E .1 below. As expected, the optimal values of b and welfare gains are slightly higher, though only by a few hundred dollars at most. However, it is slightly more surprising that when b increases, the optimal G actually increases slightly, rather than decreasing to help pay for the increased tuition subsidies. This is the result of an income effect: with increased college enrollment and loosened liquidity constraints, average consumption has increased, and marginal utility of income is lower on average. Therefore, the average individual is more willing to substitute towards the public good, and the welfare-maximizing value of G increases slightly. In any case, the changes in optimal policy are minimal relative to the baseline estimates.
E.2 Increased Risk-Aversion
My second sensitivity analysis considers how the results change when I specify a coefficient of relative risk-aversion of ρ = 2 in employment. Since I only need to specify this parameter when using the structural method, it will only affect my simulation results. Calibration proceeds as before, assuming p = 0 as usual, and simulation yields the results displayed in Table E .2. The optimal values of b and welfare effects are smaller in most cases, but the conclusion of more than offsetting median public tuition continues to hold in the baseline case, and the effects of liquidity constraints remain small and negative. 
E.3 Evidence from Trostel (2010) on Fiscal Effects of Education
In this subsection, I will test the robustness of my results to a different value of p, which has been set to zero in all other numerical results in the paper. I perform my analysis again using the most pessimistic estimates from Trostel are smaller now, as are the optimal grants and the welfare gains;
however, the optimal grants all still represent significant increases from b = 2, and the baseline finding is over $1000 above and beyond the value of tuition.
The effects of liquidity constraints on optimal policy are again small in the baseline case. Calibration and simulation follows the same procedure as before, and the results are found in Table E .4. In every case, the welfare derivative at baseline is smaller, as are the optimal grants and the welfare gains from moving to the optimum; the optimal grants drop by about $1700, but the baseline result still involves a subsidy greater than tuition, and once again stronger liquidity constraints have a small negative effect. (4), except that G is replaced by G + γ 1 m, which remains an exogenous quantity of required government spending.
In the calibration case, the changes are modest since the parameters of the model are calibrated to a given consumption gap, but introducing m changes the calibrated value of the risk-aversion coefficient θ. Table E.5 presents the numerical results, and the welfare derivatives at b = 2 are smaller than at baseline, because the calibration implies a considerably larger θ, so that the marginal value of an additional dollar to a student is smaller; the welfare gains at the optimum are unsurprisingly lower as a result. However, the optimal subsidies are nearly identical to the baseline case, lower by no more than $194.
Thus, the main results of the paper are unaffected by this alteration. And it should be noted that an alternative, and perhaps more realistic, specification of the tax system generates even larger optimal subsidies and welfare gains:
if the lump-sum transfer is available only to employed individuals, and not to students (who the model assumes have no labour earnings), then there is an added fiscal bonus of tuition subsidies in that they prevent students from entering the workforce quickly and gaining the right to a transfer. In that case, the optimal subsidies increase by at least $2500 over baseline in the sufficient statistics analysis, and by at least $4000 in the calibration analysis; full results are available upon request. Therefore, the main results of the paper are robust to the exact specification of the tax system: tuition subsidies should increase significantly, and liquidity constraints have little impact on optimal policy.
E.5 Income Uncertainty
Next, I consider a case with uncertainty about future incomes. To keep the problem simple, I assume that all uncertainty is resolved after the first period.
Thereafter, educated individuals receive either In deriving dW db , the only meaningful change will come from the fact that ∂V ∂τ takes a different form, specifically:
However, this equation cannot be used in its current form, and the most reasonable simplification is stillȲ v * c , whereȲ remains equal to Sγ 2 Y 11 +(1−S)γ 1 Y 01 , so that (4) holds in this case as well, and the results are unchanged.
I will therefore focus on the structural analysis. I assume that α s and δ take the same values as the baseline case, but I also assume that first-period workers cannot adjust their labour supply from l 01 = 1 (for example, assume that they are on an apprenticeship program of fixed labour intensity). Then, after the first period and the resolution of uncertainty, I allow workers of all types to solve for optimal labour supply, and I solve for the wages that generate
The calibration then proceeds largely as before, with p = 0 as usual, except that A and θ must be chosen simultaneously to generate consumption choices which match E(c The results are displayed in Table E .6, and while the welfare derivatives are similar to baseline, the optimal grants and welfare gains are larger in every case, especially when the college wage variance is large; in those cases, raising grants allows graduates who end up in low-wage jobs to increase consumption from a low level, which has a significant positive impact on utility. Effects of liquidity constraints are small and negative in every case. 
E.6 Heterogeneity in Liquidity Constraints and TwoTier Grants
In appendix C, I examined how robust the sufficient statistics condition in (4) is to a distribution of debt limits; an alternative examination of the robustness of the results to heterogeneous liquidity constraints can be performed using a structural approach. I allow for two groups, each representing half of the population, 1 one of which is unconstrained while the other faces a debt limit A. I calibrate the model for {A, θ, µ, σ} using the sufficient statistics as aver-ages, and then solve for the optimal lump-sum student grant, with the results displayed in Table E .7. The values of dW db are slightly smaller than in Table 3 , which is to be expected because the logistic distribution for η has an increasing hazard (see appendix C). The optimal levels of b are also smaller, but only by $50 at most, and the welfare gains are slightly higher, while the strength of the liquidity constraints has a negative impact on subsidies. what policy the government would want to set if they could observe individuals' debt limits; with two types of individuals, the government could introduce a two-tier grant system, with one grant amount b 1 for the constrained group and another amount b 2 for unconstrained students. However, when I numerically maximize welfare (still measured as equally-weighted utilitarian social welfare) over the pair (b 1 , b 2 ), I find the same uniform grant scheme described
in Table E .7; that is, b 1 = b 2 , with both equal to the values listed there. The reason for this is that the parameters used suggest that a grant of $6000 or more is sufficient to remove any liquidity constraints that may exist, so for the purpose of optimal policy, whether a particular group of people is constrained or not is irrelevant, because they will no longer be constrained as the subsidy approaches the optimum. This is another way of making the point that liquidity constraints are of second-order importance for welfare analysis of policy: in the current model, even a perfectly-informed government could not improve the outcome with policies specifically targetting constrained individuals.
E.7 Heterogeneous Returns to Education
I now investigate how sensitive the results are to allowing for heterogeneous returns to education. I assume that the college wage premium P (where w 11 = P w 01 ) follows some distribution F P (P ), and to be precise I use a quadratic approximation to the marginal treatment effect distribution presented in Figure 4 Figure 5 in Carneiro, Heckman and Vytlacil (2011) , although the latter corresponds to a more abstract concept of increasing the entire set of instruments that determine the value of college attendance. As the tuition subsidy increases, the curve in Figure E .2 will tend to shift to the right, as individuals with lower returns to college are increasingly affected, and thus the marginal return to the subsidy will decrease.
Allowing for a distribution of wage premia makes it important to model the tax system more realistically: I assume that the state and Medicare tax rates do not vary with income, but I use an approximation to the US federal system in 2008, with a 15% marginal rate up to $41500 and a 25% rate beyond.
To account for the personal exemption of $3500 and the standard deduction of $5450, as well as the fact that the first $8025 of taxable income is only taxed at a 10% rate, I assume a universal tax refund of $1743.75. To avoid discontinuities in the marginal tax schedule, I use a smoothed approximation to the tax rate between $39000 and $44000, specifically a sine connecting τ = 0.23 at $39000 to τ = 0.33 at $44000. I assume that the tax rate threshold moves up with wage growth, and that when taxes need to adjust to balance the budget, the base (state and Medicare) tax rate is the one that moves.
When calibrating, I select values for {A, θ, µ s , σ, z} in order to match five quantities, three of which are familiar:
.388, and ε Sb = {0.1, 0.2}, although in this case ε Sb is interpreted as a partial derivative. I also choose z to generate a probability of attendance of 95% for the highest-return group, and I use the fact that college graduates consume 73.9% of their pre-tax income and high school graduates consume 83.4% to motivate setting
. This leads to the results presented in Table E .8. The striking finding is that the welfare derivative at baseline is significantly larger, because the average return to education among those induced to go to school is higher using the estimates from Carneiro, Heckman and Vytlacil (2011) , further suggesting that my assumption of an 8% return to a year of education was a conservative estimate. However, there are diminishing returns to inducing college attendance, because increasingly generous grants induce students with lower monetary returns to go to school; therefore, optimal grants are lower when ε Sb = 0.2, though they are larger when ε Sb = 0.1 because the returns to inducing college attendance do not decline as quickly in that case. However, the qualitative conclusions are essentially identical to the baseline case: the optimal subsidy is greater than median public tuition in each case, and effects of liquidity constraints are small. Meanwhile, the welfare gains are significantly larger than before, amounting to $80.5 billion per year in the baseline case. This analysis provides us with a sense of how heterogeneity in returns can affect the results, but naturally has more of a "black box" character than the baseline analysis. The current method is not as well suited to answering questions about how financial aid could be better targetted at students on the margin of attending college or from groups with high returns; research with multiple dimensions of heterogeneity such as Abbott et al. (2013) provides a complementary analysis which provides answers to some such questions, and additional future work along these lines could also be useful.
F A Simple Model of Multiple Fiscal Externalities
The analysis of optimal tuition subsidies in this paper, as well as the analysis of optimal unemployment insurance in Lawson (2016) , starts from the assumption of a distortionary marginal income tax used to raise revenues for government spending. In each case, this tax also imposes distortions on another margin, such as the decision about how much education to obtain, or how hard to search for a new job: the tax reduces the return to both actions, leading to inefficiently low education and job search. As a result, when considering a policy that is targetted at one of these margins, we must account for the pre-existing distortion of taxation, and the optimal policy involves increased subsidies to education, and decreased unemployment benefits, to offset the distortion from income taxes.
In this appendix, I demonstrate that these results hold in a model with multiple margins in combination; specifically, I present a simple model in which income taxation affects a total of three margins: labour supply while employed, education, and job search while unemployed. With a distribution of income among employed individuals, there is a role for distortionary income taxes to provide for redistribution, and such taxation requires changes to education subsidies and unemployment insurance: as the government revenue requirement increases, the jointly optimal policy features rising marginal income tax rates and education subsidies, and decreasing unemployment insurance, exactly as found when each policy was considered on its own.
This analysis demonstrates that the main results in the present paper, as well as those in Lawson (2016) , are not dependent on any assumption that the policy in question is the only way to offset pre-existing tax distortions, or even necessarily the best way. Rather, the point is that taxes can distort a wide variety of margins, from the intensive margin of labour supply to job search to education, and beyond, 2 and if we are considering policy on any of these dimensions, the distortionary impact of income taxation must be taken into account. Thus, solving the distortion of taxation on job search by reducing unemployment insurance does not solve the distortion on education, as they are two very different margins of choice; reducing unemployment benefits generally does not restore the education choice to the efficient level. The essential assumption is simply that the distortionary marginal tax is necessary, that lump-sum taxes are either not possible or not desirable; the main model in the current paper simply imposes this assumption, but this appendix demonstrates that the same general results hold when it arises endogenously from inequality.
F.1 Model Setup
The model features a population of ex-ante identical individuals who live for three periods. In the first, the representative individual chooses the level of education they wish to obtain, denoted by e, and they also choose a level of borrowing d 1 to provide for consumption, as I assume that individuals begin and end life with zero wealth. They receive consumption utility U (c e ), where c e = d 1 + b e e is total consumption, and where b e is the government subsidy to education attainment; for simplicity, I assume that the only cost of education is a convex loss of utility due to effort, h e (e).
In the second period, the representative individual starts out unemployed and searches for a job; they choose their search intensity s subject to a convex effort cost h s (s), and spend the first (1 − s) percent of the period unemployed and the remaining s employed at a wage of 1. Individuals also choose a level of borrowing d 2 when re-employed; I assume that no borrowing is allowed during unemployment, so that consumption during that time is
where m is exogenous home production and b u is an unemployment benefit.
Consumption when re-employed is c j = 1−τ +b w + . Education does not affect productivity in this period; this is a simplifying assumption to prevent strong interactions between education and job search, and corresponds to the idea that the first job is a training job at a lower productivity. Therefore, consumption utility in period 2 is
Finally, in period 3, the representative individual chooses a labour supply l subject to a convex effort cost h l (l), and works at a stochastic wage that is realized after the labour supply choice: each with probability 0.5, the wage can be w L = (1 − θ)(1 + e) or w H = (1 + θ)(1 + e). Expected utility from
Putting everything together, and assuming zero interest and discount rates, overall expected utility given by:
F.2 First-Order Conditions & the Effect of Taxation
To understand the workings of this model, consider the first-order conditions for the representative individual given a policy vector {b e , b u , b w , τ }:
The first two first-order conditions, for d 1 and d 2 , ensure consumption smoothing between the first period, the time spent working in the second period, and the third period (in an average marginal utility sense). Thus, the only remaining opportunities for consumption smoothing are in unemployment, and between high-and low-income third-period workers. The rest of the first-order conditions are a bit more complicated, but we can easily evaluate the effect of an increased tax rate τ on e, s and l:
• The substitution effect of a higher τ on education is clearly negative, as ∂V ∂e is decreasing in τ ; of course, there is also an income effect if c 1 and c 2 are affected, so it is not clear that a higher tax rate will necessarily decrease e, but we know that an income effect is not distortionary.
Therefore, we can conclude that taxation causes e to be inefficiently low.
• While τ does not appear directly in the first-order condition for s, it does appear in the definition of c j , and from the perspective of job search, a reduction in U (c j ) from an increase in τ is a marginal substitution effect, is actually increasing in s, which cannot be true in equilibrium unless s is at the upper bound of 1).
• Finally, the substitution effect of a higher τ reduces ∂V ∂l
, making l inefficiently low.
From this analysis, it is clear that higher marginal tax rates not only distort labour supply l downwards, they also lead to inefficiently low values for both e and s. Furthermore, those distortions are not dependent on each other -the tax rate impacts both margins independently.
3
To consider the welfare implications of policy, I also need to present the government budget constraint:
where G is a revenue requirement beyond UI and education. However, a sufficient statistic welfare analysis is not as effective in this case, with three different margins and four policy instruments. I need to simulate the structural model, and the next subsection presents the results.
F.3 Optimal Policy Simulations
This model is meant to be illustrative, rather than a precise model of the real world; in particular, the assumption of three periods of equal length is clearly not realistic. Therefore, I do not attempt a calibration of the model to realworld empirical quantities. Instead, I use a simple parameterization described below.
To begin with, I assume that utility from consumption is logarithmic. I assume home production of m = 0.2, and an earnings distribution parameter of θ = 0.1. Meanwhile, the effort disutility functions all take the form h x (x) = σ x 1−(1−x) 1−κx 1−κx − x ; this function takes a value of zero at x = 0, and has a slope that rises from zero and goes to infinity as x approaches 1 (as long as κ x > 0), thus constraining e, s and l to be between zero and one. The parameters are: {σ e , κ e } = {6, 0.2}; {σ u , κ u } = {1, 0.5}; and {σ l , κ l } = {0.5, 0.5}.
Given a value of G, I can then solve for the optimal combined policy First of all, we can see that the marginal tax τ increases and the lump-sum transfer b w decreases with G; whatever the mix between lump-sum taxes (or transfers) and marginal taxes that is optimal when G = 0, both are used to raise more revenue when G increases. While unsurprising, this supports my assumption that a positive G implies a larger marginal tax rate.
More interestingly, the optimal unemployment benefit declines rapidly with G, from over 0.25 at G = 0 to slightly below zero when G = 0.8, while the education subsidy increases substantially, from about 0.023 to 0.093. While the latter numbers may seem relatively small, the average employed income in the current model is about 1.28 at baseline, or about 1.34 at G = 0.8; in the main model of the paper, baseline tuition is about 15% of average income, and thus my results roughly correspond to a subsidy on tuition going from about 12% up to 46%. Given that tuition is not included in the current model, and thus does not need to be financed by the agent, this is quantitatively a large subsidy, particularly at the upper end.
Thus, while I again note that the model is not calibrated to the real world, the results do confirm the intuition discussed at the beginning of this appendix:
we need to subsidize education more and unemployment less when G is higher.
Solving the distortion on one margin doesn't solve the distortion on the other margin, because the cause of the distortion in the first place -the marginal income tax -is still in place. The implications for policy extend well beyond just unemployment insurance and education subsidies, but the analysis of the current paper and Lawson (2016) indicate that the impact is first-order on both of those margins.
